Abstract-Poisson's equation for the magnetic vector potential is solved using complex Fourier (Laplace) transforms in bipolar coordinates, the natural system for the subject two-dimensional geometry. The source is a dc current uniformly distributed over the semicircular cross section of a long conductor that is buried in, and flush with, the otherwise planar boundary of an infinitely permeable material. Exact closed-form potentials are obtained in the conformal mapping of the Neumann boundary value problem that characterizes the case of an infinitely permeable magnetic medium. One term of a perturbative correction that accounts for finite permeability is constructed for both the uniform source distribution and for the associated Green's function.
I. INTRODUCTION

R
ECENT developments in micromachining technology enable current-carrying conductors in electric motors and generators to be built that conform with the geometry of Fig. 1 . A wire of circular cross-section is half buried at the (locally planar) interface between air and iron, and then the protruding part is cut or shaved off. This results in a smooth boundary between the air and material regions. A first step in the design and modeling of the electromechanical performance of such machines is the present magnetostatic analysis.
A constant (dc) current is uniformly distributed over the semicircular cross section of radius , that is flush with the surrounding magnetic material of infinite permeability. A first-order perturbative analysis of the effect of relaxing this restriction on the relative permeability is presented, based on the complete results that are first obtained for the perfectly "hard" case. Both the conductive "plug" and the upper halfspace are nonmagnetic, that is, they are characterized by the permeability of vacuum. The governing Poisson's equation for the vector potential is solved via a conformal mapping in Section II. The bulk of the calculations are performed in the bipolar coordinates ; hence, the adorned notation is used to represent the potential in the original coordinates because the "plain" notation is reserved for the more common form. Separation of variables in the plane strip geometry favors Fourier integral representations for the potentials. Subsequently, the analytic evaluation of a progression of related, but still different, Fourier integrals is required. Details appear in two appendixes. Appendix A first defines a physically motivated and mathematically consistent interpretation of the complex Fourier (or Laplace) integral that accommodates functions of the class that appear in the selected field decomposition. Basically, linear growth at infinity in the physical coordinate, corresponding to the corners of the trough, induces a second-order pole at the origin of the Fourier transform plane. The complex inversion integral is evaluated on a prescribed Bromwich contour.
The Green's function for the semicircular trough geometry is similarly composed in Section III. Although the field due to the distributed current is obtained independently of the Green's function, the Green's function is needed for the explicit image current that necessarily exists at infinity of the original plane. Results are the closed-form expressions for the magnetostatic potentials and the subsequent magnetic field pictures.
II. UNIFORM SEMICIRCULAR TROUGH CURRENT AND PERFECTLY HARD BOUNDARIES
The analytic function (1) maps the physical plane to the bipolar coordinates [1] of the plane. Four plane boundary curves , and and their respective plane images are drawn in Fig. 1 . The total current is uniformly distributed over 0018-9464/02$17.00 © 2002 IEEE the semicircular conductor of radius and, hence, the axially directed (out of the page) current density is the constant (2) in the trough, designated here as region 1. Poisson's equation for the single component of the vector potential, defined by the solenoidal magnetic flux density , is valid in the source region 1 (3) and is transformed under the operation of (1) to (4) Specification of the divergence of the vector potential is also required according to the selected gauge. In this two-dimensional (2-D) static problem, both the Coulomb and Lorentz gauges give the rather trivial condition , where the third Cartesian coordinate is unrelated to . The consequence of mapping the original finite source region to the infinite strip on the plane is the nonuniform forcing function of (4), which is exactly the (scaled) Jacobian. This is the cost of the simplified boundary specifications. Laplace's equation for the harmonic field in the original half-space external to the trough, i.e., in region 2, is invariant under the conformal mapping (1) (5) Note that the trough radius , the single length scale in the original plane potential problem, disappears altogether in the coordinates. The homogeneous Neumann boundary conditions along the curved trough bottom and along the flat interfaces become, respectively and (
Additionally, the total field and its normal derivative must be continuous across the boundary between the two regions and
A particular solution of (4) is most easily obtained by expressing the Laplacian operator in terms of conjugate variables as (8) which, owing to the real character of the hyperbolic function, promptly integrates to (9) The constant term in this particular solution is itself harmonic, and is therefore superfluous in the Neumann boundary value problem. The total field in region 1 is henceforth written as the sum (10) of this particular solution (11) and a harmonic function. Again, the field in region 2 consists solely of a harmonic function. Suitable Fourier integral representations of the two harmonic fields are now constructed via (12) and (13) where the appropriate hard boundary condition of (6) at is built into (13). The Bromwich integral notation is fully explained in Appendix A. Its purpose is to accommodate the physical reality of a nonzero flux at infinity by ensuring the convergence of the spectral representations. This is accomplished through a proper interpretation and choice of the integration contour on the complex plane; successful application of integral transform methods to nontrivial physical problems demands [2] this degree of care. Application of the remaining hard boundary condition at to the total field of region 1 requires the Fourier representation of (B1) for (14) which subsequently gives (15) whereupon the elimination of permits the harmonic component of to be written as
The remaining spectral functions and are obtained by enforcing the continuity conditions (7) . The pertinent values of the particular solution are and (17) where (B2) supplies the required Fourier transform. Application of the two conditions (7) thus yields the pair of linear equations (18) with solutions written in the needed forms
All of the required Fourier integrals can be expressed in terms of , and of Appendix B, whereupon the harmonic fields are
A. Zeroth-Order Potential in the Magnetic Material
The zeroth-order harmonic potential in the third region is expressed as a Fourier cosine transform of the same class as the potentials of regions 1 and 2 (23)
The particular solution for region 1 vanishes on the boundary , i.e., from (11), and so the applicable Dirichlet conditions are, from (13), (16), and (19) (24)
A linear combination of and that satisfies these, and is in a form amenable to Fourier inversion via the work of Appendix B, is (25) The subsequent use of Fourier integrals , and of Appendix B gives the zeroth-order potential inside the magnetic medium (26)
B. First-Order Potential in the Exterior Region
The next term in a perturbation series expansion that accounts for large and finite permeability, as defined in (56), is harmonic and is forced by the Neumann boundary data from the interior field of (25) and (26) 
subject to Neumann boundary conditions and
The symmetry of the problem in the coordinate indicates that the source coordinate can be dispensed with (temporarily set ) and then restored at the finale via the substitution . Therefore, in view of the convergence issues of Appendix A, an appropriate representation for the desired The point at infinity in the physical plane is mapped to the point in the finite plane by the bipolar transformation. Therefore, the ever present image current at must be explicitly included in the transformed boundary value problem if the net current is nonzero. For example, if a line current is located at the point , then the transformed solution of the physical plane Neumann problem (46) is the complete field (47)
A. Zeroth-Order Field Inside the Magnetic Material
If the permeability of the magnetic material (region 3) is truly infinite, then the Green's function for the Neumann boundary value problem of Section III above is the exact field in the air region. The potential must be continuous across the material interfaces, and so the potential inside the material of infinite permeability satisfies Laplace's equation with Dirichlet conditions prescribed on the boundaries and . In turn, these fields serve as the initial or zeroth-order terms in a perturbation series for the solution to the actual boundary value problem when the magnetic material is characterized by a finite relative permeability . The notation and is now used to identify these zeroth-order exterior and interior Green's functions given in Section III, the Dirichlet problem for now proceeds. As before, the symmetry about the source coordinate is exploited, wherein the Fourier cosine transform of the interior potential must be a linear combination of and , and must properly match the exterior transform (41) at the boundaries (50) A bit of algebra reveals that such a spectral representation can be written in the convenient form as shown in (51) at the bottom of the page, which is inverted via of Appendix B to give, upon the reinstatement of the source coordinate (52)
B. First-Order Field in Exterior Region
Boundary conditions on the next term in a perturbation series expansion (see Section IV) in powers of the small parameter are (53) where multiplies in the total field, according to the notation of (56). Appeal to (51) in the continuance of the Fourier transformation scheme ultimately provides an attractive spectral form 
IV. RESULTS
The physical interpretation of the closed-form mathematical results of Sections II and III is best appreciated in context of a more comprehensive perturbation expansion that accounts for the small effect of a large, but finite, relative permeability of the magnetic material. In the present geometry of Fig. 1 , the vector potential in the exterior (regions 1 and 2) and interior (region 3) is written as the pair of perturbation series (56) with analogous expressions for the respective magnetic flux density vectors. The series development for the associated magnetic energy densities (57) offers some obligatory justification for neglecting the secondorder fields. The primary use of the perturbation philosophy here is to calculate the zeroth-order field inside the magnetic material and the first-order field in the exterior region. The resulting field pictures of Figs. 2 and 7 are nicely continuous across the perfectly hard boundary.
Except for the zeroth-order potential in the source (exterior) region that is directly forced by the current (58) all of the other partial fields are harmonic and are excited via nonzero boundary data. With denoting the boundary between the exterior and interior regions, and with the unit normal , The first-order exterior fields are obtained in Section II for the distributed trough current. The actual vector magnetic field lines are drawn in both the exterior and interior regions of Fig. 2 for the case of the infinitely permeable magnetic medium. Simple contours of constant automatically give the vector field in such 2-D geometries. Recognize that the critical contribution from the Green's function of (43) due to the image current at in the plane must be included in this result for the total field.
The perturbative effect of a large, but finite, magnetic permeability upon the exterior field is shown in Figs. 3 and 4 , for the specific instances of and , respectively. The magnetic field lines that intersect the boundary of the harder material, with , in Fig. 3 are not appreciably different from those in Fig. 2 that intersect normally on the perfectly hard material. This is reasonable, since the neglected second-order contribution, proportional to , is therefore approximately scaled by 10 in comparison with the dominant first-order field.
The magnetic field lines from an independent finite-element solution are presented in Figs. 5 and 6, for two extreme values of and , respectively. The value is selected to approximate in the finite-element code, without sacrificing accuracy due to arithmetic roundoff. The agreement with Figs. 2 and 4 is unequivocal, even for the modest relative permeability of depicted in Fig. 4 . The perturbation theory is therefore, and perhaps surprisingly, applicable and accurate in such cases of not too sharp a magnetic material contrast. The specific finite-element analysis artificially forces the vector potential to be circularly symmetric at a maximum finite distance . Computer experimentation reveals that the finite-element numerical results approach the present analytic results as the finite-element grid is refined and as the artificial maximum radius in increased. Therefore, more detailed analysis of the convergence properties of numerical methods, such as finite-element methods, are natural extensions and applications of the present analytical results.
The complete zeroth-order Green's function from (47) and (52) is similarly presented in Fig. 7 for the case of a line current located in the trough region at the coordinates . Additionally, in Section III-B, the first-order potential in the exterior region is successfully constructed in (55). Fig. 8 depicts the Green's function of in the exterior region, with a modest relative permeability of . Here again, the magnetic field lines in the exterior region are not perpendicular to the material boundary, as they are in Figs. 2 and 7 where the boundary is perfectly hard. All of the results display the expected symmetric behavior far from the source (60) quite independent of the source configuration, as long as the total current is concentrated near the origin . Of course means, in this geometry where the single length scale is , that .
V. CONCLUSION
The magnetostatic boundary value problem admits closed-form solutions in the natural bipolar coordinates. The exact solutions exhibit the expected logarithmic singularities at line sources, identically satisfy the appropriate hard boundary conditions, decay at infinity as the isotropic field due to a single line source, and include naturally all edge conditions. This nontrivial analytic solution can now serve as a benchmark boundary value problem for the validation of numerical solutions.
APPENDIX A FOURIER INTEGRALS WITH A SECOND-ORDER POLE
AT THE ORIGIN Consider, in terms of reasonably neutral variables, the Fourier (cosine) transform pair (A1) used to represent an even function of the real variable . In general, the transform variable is continued into the complex plane, to accommodate functions that are of exponential order, and not absolutely integrable. This flavor of the integral transform is often called Laplace, but the equally appropriate [3] , [4] name of Fourier is adopted here. When a net current flows in a 2-D magnetostatic problem, there is necessarily a nonzero flux of the scalar field at infinity, which is therefore said to terminate on the image source there. This known, physical feature must be either avoided altogether or explicitly included in the mathematics. For example, in the plane problems of Sections II and III, the contribution from the known negative image at can always be included with the field due to the other source currents, whereupon the total field is absolutely integrable. However, the alternative approach taken here is to treat each elementary or component source in the absence of any images at infinity. In the present class of Neumann boundary value problems in strip geometries, the subsequent linear growth in the potential at infinity is manifested in a second-order pole at the origin of the Fourier transform domain. Simple, real, and most importantly, convergent Fourier integrals are obtained for the solution of the differential equations via the subtraction and addition of the second-order pole in each of the affected individual transforms. This permits the algebra to be compartmentalized and results in a concise presentation of the solution to the global boundary value problem.
A suitable Fourier integral representation of such behavior at infinity must engage the correct Bromwich contour [5] - [7] and, thus, take proper account of the second-order pole. Commencing in the plane, consider a transform function with the expected singularity at zero For , the Bromwich contour of Fig. 9 is parallel to and beneath the real axis, i.e., the parameter , the contour is closed in the upper-half plane in consideration of Jordan's lemma, and any remaining singularities of on the real axis are integrable in the sense of the Cauchy principal value. The modified integrand is now analytic at the origin and the vexatious nonintegrable component of appears explicitly as the residue at . The actual integrations are evaluated in the complex plane using the residue calculus. This is the interpretation of the ostensibly singular Fourier integrals employed throughout the paper; each is clearly denoted by the notation.
APPENDIX B SOME FOURIER INTEGRALS
A couple of Fourier integrals from 3.981(3) and 3.982(1) of Gradshteyn and Ryzhik [8] are 
Contrarily, the derivative of (B3) with respect to is not plagued by any such second-order pole at the origin of the plane and the attendant nonzero behavior at . Such differentiation yields the integral (for )
and similarly (for )
The well-behaved integrands ensure the vanishing of and as by the Riemann-Lebesgue lemma. A Fourier integral having two distinct sets of poles is The two series with terms are computed in (B22), and the Euler dilogarithm [9] , [10] (B32) is called upon for the evaluation of the remaining form. As an alternative to dilogarithm routines, for the direct summation of the accelerated series, with the aid of 1.513(5) from Gradshteyn and Ryzhik [8] , is a satisfactory approximation as (B33) Furthermore, is exactly the Riemann zeta function , while the Fourier series [11] (B34) with the Bernoulli numbers, avoids the poorer convergence of (B33) on the unit circle . In any event, the requisite formula for (B31) is now 
Summation of the residues yields (B60)
A cosmetic singularity in the final form is removed via the observation (B61)
